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Abstract
The temperature dependence of resistivity and the bulk modulus are calculated
on the Kondo lattice, with ring exchange between localized spins, using the
spin-polaron and adiabatic approximation. Peak and zero values of the bulk
modulus as functions of temperature and concentration are determined below
the temperature of the transition to the paramagnetic state. The effects of
the nearest order between transverse spin components and a value of the ring
exchange between localized spins on magnetoresistivity are estimated.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Recent interest in manganites has been stimulated by the presence of the large
magnetoresistance effect in these materials, which makes them possible candidates for
applications in spintronic devices. A number of previous works showed the variety of magnetic
phases, phase transitions and phenomena that depend on doping concentration, temperature,
type of ion Re = La, Pr, Nd and the doping element used A = Ca, Sr, Ba, etc see the
reviews [1, 2]. A ferromagnetic dielectric becomes a ferromagnetic metal with colossal
magnetoresistance near Tc for x > 0.2. Previous simulations explored the competition between
the double exchange induced ferromagnetism and the antiferromagnetic super exchange [3].
Millis et al [4] showed that the electron–phonon coupling resulted from the Jahn–Teller splitting
of a Mn3+ ion and this affects the transport properties of manganites. Measurements of the
specific heat indicate the anomalous softening of a lattice arising from the T 3-term of the
specific heat in a sufficiently wide x region (0.1 < x < 0.3) [5]. However, this softening
does not have much influence on the rhombohedral–orthorhombic transition of a crystal. The
strong coupling with a lattice can induce the four-spin exchange interaction (A) with the value
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AS4 ∼ 1
Ma2 (

∇ J
θD

)2, where θD is the Debye temperature (θD = 320–450 K) [6], M ∼ 10−22 g,

a ∼ 410−10 m, S varies from S = 2 to 3/2 depending on the doping concentration, ∇ J
is the spin–lattice coupling constant. The four-spin exchange interaction resulting from the
exchange by virtual phonons is A ∼ 0.1 meV for ∇ J

θD
∼ 0.03. This interaction can cause

modification of the magnetic structure, for example, the formation of strip structures on a square
lattice [7]. Also, it can change the temperature dependence of magnetization and the spin–spin
correlation function and can open the gap in the spin wave spectrum [8]. With increasing
values of the four-spin exchange, the magnetic phase transition type changes from continuous
to discontinuous.

In this paper, the lattice effect is considered as a result of the spin–lattice interaction, and
the magnetoresistance effect is described in terms of the interaction of current carriers with
localized spins on the Kondo lattice using spin polarons as charge carriers. The temperature
and concentration ranges where the metal–insulator transition occurs and the change in the
elastic modulus are determined as functions of the spin polaron band population and the
four-spin interaction. We will show the relevant dependence of resistance on the spin–spin
correlation function for nearest transverse spin components. The model proposed here differs
from the double-exchange model, in which the hopping of electrons over eg levels of Mn ions
leads to the formation of ferromagnetic exchange, while hopping over t2g states leads to the
antiferromagnetic exchange between localized electrons. We assume that the motion of charged
carriers takes place in the oxygen system and electron spins are polarized by the ordering of
manganese spins through the hybridization of oxygen and manganese ions. According to the
x-ray diffraction data [9], the weights of the 3d5 L1 and 3d6 L2 states are approximately equal
to 41% and 9%, respectively which correspond to one- and two-hole states. These states are
located in the gap; they can be treated as impurity bands near the chemical potential and can be
described by the model of nearly free electrons. As applied to manganites, our model suggests
that the substitution of the bivalent ion Sr2+ or Ca2+ for the trivalent La3+ ion leads to an
increase in the hole concentration in oxygen ions.

2. Model and calculation method

Spin-polaron excitations can be calculated in the framework of the Kondo-lattice model using
the method proposed in [10]. The Hamiltonian has the form

H = H0 + H1 + H2,

H0 =
∑

r,g

tga†
r+g,σ ar,σ =

∑

k

εka†
k,σ ak,σ ,

H1 = J
∑

r,σ1,σ2

a†
r,σ1

Sα
r σ̂ α

σ1,σ2
ar, σ2,

H2 = − 1
2

∑

r,g

I (g)Sα
r+g Sα

r − 1
2

∑

i,j,k,l

Ai, j,k,l(Sα
ri

Sα
rj
)(Sα

rk
Sα

rl
) −

∑

r

hSz
r

(1)

where the summation is made over the cubic lattice sites, I is the exchange interaction between
the nearest neighbours, A is the four-spin interaction between spins situated in the square
vertexes, for example, A1234((S1S2)(S3S4) + (S1S3)(S2 S4)), a†

k,σ is the creation operator for
an electron with the spin index σ = ±1, H1 is the Hamiltonian of the s–d interaction and σ̂ α

are the Pauli matrices with α = x, y, z, h the external magnetic field. Let us write the equations
of motion for the Green’s functions describing the motion of an electron over oxygen ions. The
electron spin interacts with magnetically ordered spins of manganese ions. Using the random
phase approximation, we close the system of equations for the Green’s functions 〈〈ar,σ |a†

r,σ 〉〉
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Figure 1. The density of states g(ω) of spin-polaron excitations for A/I = 0.15, J/t = 9, n = 0.2
(a), n = 0.4 (b), n = 0.6 (c) and T/Tc = 0.4 (1—dotted line), T/Tc = 1 (2—solid line).

and 〈〈br,σ |a†
r,σ 〉〉, where, brσ = Sα

r σ̂ α
σ,σ1

ar,σ1 , α = x, y. These equations have the form:

(ω − εk)G1
k = 1 + J

2
G2

k,

(ω − ek)G2
k = J (1 + m − 2nm)G1

k,

G1
k = 〈〈ak,σ |a†

k,σ 〉〉; G2
k = 〈〈bk,σ |a†

k,σ 〉〉
εk = ε0

k + Jm

4
− µ,

ε0
k = −2t (cos kx + cos ky + cos kz),

ek = 2z1cε0
k + J

(m

2
+ n

)
+ mz1

2
I + A

z2m3

2
+ mh − µ,

n = 〈a†
↑a↑ + a†

↓a↓〉.

(2)

Here bk,σ , ak,σ and Gk are the Fourier transforms of the corresponding single-node operators
and Green’s functions, c = 〈Sx

r Sx
r+g + Sy

r Sy
r+g〉 is the spin–spin correlation function for

transverse spin components, z1 and z2 are the numbers of the nearest and next-to-nearest
neighbours, respectively, m = 〈Sz〉 is magnetization. All the energies are measured using
the chemical potential µ. The excitation spectrum has the form

ω1,2(k) = 1

2

[
εk + ek ±

√

(εk − ek)
2 + J 2

(
1 + m

2
− nm

)]
. (3)
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Figure 2. Resistivity ρ/ρ0 (a) and magnetoresistivity (ρ(h) − ρ(0))/ρ(0) (b) versus normalized
temperature calculated in zero magnetic field (black symbol) and in the field h/I = 0.3 (white
symbol) at different parameters of the sd interaction J/t = 3(1), 6(2), n = 0.3, A/I = 0.15.

The chemical potential is calculated self-consistently for a given electron concentration n,

n = 1

N

∑

k

∫
dω f (ω)

1

π
Im G1, (4)

where f (ω) = (exp(ω/T ) + 1)−1. The summation is made over 8 × 106 points in the
first Brillouin zone. Here we analyse the effect of magnetic ordering on transport properties.
To simplify the problem we consider the magnetic system in the adiabatic approximation.
Magnetization and spin–spin correlations are calculated by the Monte Carlo method on the
lattice 18 × 18 × 18 with 28 000 MC/spin for different values A/I by using Hamiltonian H2.
The typical exchange integral value is I ∼ 1 meV [11]. Conductivity σ is calculated using the
Kubo–Greenwood formula [12]

σ = σ0

∑

σ

∑

k

∫
dω

(
−∂ f (ω)

∂ω

)
A2

σ (k, ω) (5)

where Aσ (k, ω) = −(1/π) Im Gσ (k, ω) is the spectral Green’s function, σ0 is the constant
characterizing the conductivity dimension.

According to the calculation of the electron density functional LDTA + U , the gap width
for the Mn–O charge transfer in LaMnO3 [13] is (εp − εd) ∼ 3.2 eV. The Mn–Mn electron
orbitals do not overlap directly; the overlap integral of the wavefunction between Mn and O
ions is t (pdσ) = −1.99 eV, t (pdπ) = 1.1 eV and t (ppσ) = 0.7 eV, t (ppπ) = −0.16 eV [14]
for O–O overlapping. Electron excitations are localized on the manganese ions due to the
large charge gap and the Coulomb interaction, and nonstoichiometry facilitates the formation
of holes with higher mobility in the oxygen subsystem.
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Figure 3. Resistivity ρ/ρ0 (a) and magnetoresistivity (ρ(h) − ρ(0))/ρ(0) (b) versus normalized
temperature calculated in zero magnetic field (1, 3, 5) (black symbol) and in the field h/I =
0.3(2, 4, 6) (white symbol) at different concentrations x = 0.2(1, 2), 0.4(3, 4), 0.6(5, 6), J/t =
9, A/I = 0.15.

3. Discussion

The electron interaction with localized spins forms the quasigap in the density of states of
electron excitations that depends on concentration and on the value of the spin–spin correlation
function for transverse spin components. The band splits into two subbands; in one of them
electron spins are directed upwards and in the other they are directed downwards. The
qualitative understanding of the temperature-dependent resistivity caused by a spin polaron,
is based on the assumption that spin polarons are scattered on magnons. For fully polarized
spin polarons, the scattering decreases with lowering of temperature as the number of magnons
decreases. A partially polarized electron having spin up with weight (W1) and spin down with
(W2) loses more energy because of the update of a part of the localized spins including the area
T → 0. It results in a resistivity rise with decreasing temperature.

The main contribution to the transport properties is given by the spin polarons possessing
energy close to the chemical potential µ − kBTc < ω < µ + kBTc, where Tc is the Curie
temperature. Therefore, it is important to estimate the density of states g(ω) at the chemical
potential. g(ω) are plotted in figure 1 for different concentrations of band filling. At low
concentrations the chemical potential lies inside the lower subband in the wide temperature
range T < Tc, whereas at high concentrations it shifts to the region where the bands overlap.
At some sd interaction and concentration parameters the chemical potential shifts from the
lower band to the upper one at T ∗ < Tc (figure 1) with the conservation of the long range
ferromagnetic order. As a result, metallic-type conductivity changes into semiconductor-type,
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Figure 4. Magnetization (m) (a) and spin–spin correlation function 〈Sx (0)Sx (r = 1)〉 (b) versus
temperature at different parameters of ring exchange A/I = 0.15(1, 2), 0.3(3, 4) and at magnetic
fields h/I = 0(1, 3), h/I = 0.3(2, 4).

and the resistivity maximum is observed at T ≈ T ∗ (figures 2, 3). This behaviour becomes clear
from analysis of the spectrum of spin-polaron excitations and the density of states g(ω). Upon
cooling, the chemical potential level moves into the van Hove region in the lower band and lies
near the bottom of the upper band ω2 → 0. The polaron velocity decreases sharply in the case,
vk = ( 1

h )	kω1(k) → 0 or the mobility of the spin polaron tends to zero µ ∼ ∂2ω1(k)

∂kα∂kβ
→ 0.

Since conductivity is proportional to the polaron velocity at the chemical potential σ ∼ vµ(k),
this behaviour gives rise to a singularity in the ρ(T ) dependence.

The external magnetic field increases the magnetization and decreases the spin–spin
correlation function (figure 4). So the ratio of the spin–spin correlation function for transverse
spin components to magnetization is equal to 0.17(h = 0), 0.14(h/I = 0.3) at T/Tc = 0.5
and 0.29(h = 0), 0.22(h/I = 0.3) at T/Tc = 0.75. The excitation spectrum expression
(3) includes the term ek ∼ 〈Sα(0)Sα(r = 1)〉ε0

k which varies with the bandwidth versus the
external magnetic field and temperature. A small variation of the magnetization value forced by
the sd interaction leads to a chemical potential shift and to modification of the spectrum of spin-
polaron excitations. Temperature dependences of resistivity calculated for zero and non-zero
magnetic fields are presented in figures 2 and 3. As one can see in the figures, the resistivity
maximum displacement towards low temperatures changes the sign of the magnetoresistance.

The disappearance of the spin–spin correlations 〈Sα(0)Sα(r = 1)〉 → 0 leads to
decreasing values of ρ and (ρ(h) − ρ(0))/ρ(0) (figure 5). The appearance of an additional
scattering channel gives rise to the parameters characterizing kinetic properties. Also, it must
be taken into account that the four-spin interaction modifies the magnetoresistivity effect.
Resistivity and magnetoresistivity are shown in figure 6 for different parameters of the four-
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Figure 5. Resistivity ρ/ρ0 ((a), (b)) and magnetoresistivity (ρ(h)−ρ(0))/ρ(0), n = 0.2(1), 0.3(2)

(c) versus normalized temperature calculated in zero magnetic field (black symbol) and in the field
h/I = 0.3 (white symbol) without taking into consideration the spin–spin correlation function
〈Sx (0)Sx (r = 1)〉 = 0 for J/t = 9, n = 0.2 (a), 0.3 (b), A/I = 0.15.

spin exchange. The best fit to the experimental data La0.7Ca0.3MnO3 [15] is observed at
A/K = 0.15. The four-spin interaction results in a sharper magnetization decrease and in
a rise in the spin–spin correlation function at T < Tc. As a result, the changes in temperature
behaviour of m(T ), 〈Sα(0)Sα(r = 1)〉(T ) enhanced by the sd interaction modify the density
of states of spin-polaron excitations and the temperature dependence of resistivity. The two-
peak shape in the zero field resistivity arises due to a maximum of the effective mass value
σ ∼ 1/meff that is observed in special cases: chemical potential lies at the bottom of the
upper band and crosses the van Hove singularity of the lower band (T < Tc) or the van Hove
singularities of the lower and upper bands are situated in the vicinity of the chemical potential
(T > Tc). The external magnetic field shifts µ → µ − mh also as four-spin interaction
µ → µ − 0.5Az2m3 and as a result the effective mass value decreases and the mobility of the
spin polaron goes up.

The presence of the strong electron–phonon interaction in a perovskite manganite material
is confirmed by dramatic softening of the sound velocity and elastic modulus near the
paramagnetic–ferromagnetic phase transition [16]. The results of the calculation of density
〈n〉 versus chemical potential µ show the jump in density at a certain value of µ depending on
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and in the field h/I = 0.3 (white symbol) at different parameters of the four-spin interaction
A/I = 0(1), 0.15(2), 0.3(3), J/t = 9, n = 0.3, experimental data (4) [15].

the space dimension, for example, 〈n〉 ∼ 0.15 for 2D [17]. Similarly to the phase separated
state (PS), ferromagnetic polarons can form extended structures. Polarons are spread over a
distance equal to a few lattice constants rather than being close to each other, like in a PS. Let
us express the bulk modulus of an electron gas using the thermodynamic properties. The bulk
modulus is

B = −V
∂p

∂V
; p = −∂ F

∂V
; V = N

n
; ∂V

∂n
= − N

n2
;

F = E − T S =
∑

k

[ f (ω(k))(ω(k) − 2kBT log( f (ω(k)))]

B = n2

N

[
∂2 F

∂2n
n + 2

∂ F

∂n

]

T,N

.

(6)

The simulated temperature dependences of the normalized bulk modulus are shown in
figure 7. The bulk modulus for polaron gas changes in sign around the Curie temperature and
has a small value at low temperatures for n = 0.2. This concentration is in good agreement
with the critical concentration n ∼ 0.18 obtained by using the double-exchange model with a
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localized spin, where the compressibility coefficient becomes negative at T → 0 [18]. This
clarifies the origin of temperature anomalies in structural deformation La1−x Cax MnO3. For
x < 0.2 the Bragg peaks indicate the re-entrance into the high-temperature pseudocubic phase
at T/Tc 
 0.4, whereas for x = 0.2 the peaks are not resolved [19]. A similar anomaly
is observed in Sr-doped samples [20], which corresponds to the sharp change in two of the
three Mn–O distances [21]. Moreover, in Sr-doped compounds, new Bragg reflections occur
below T < T ∗ that are forbidden in Pbnm symmetry [22]. They are related to the polaron
ordering, which has been revealed in low-doping La0.85Sr0.15MnO3 compounds by neutron
scattering studies [22]. The volume magnetostriction in La1−x SrxMnO3 has a maximum at the
Curie point for the sample with x = 0.3, while for the semiconducting sample with x = 0.1
it is negative at T < Tc and tends to zero at T ∼ Tc [23]. At high concentrations, the
bulk modulus becomes maximal at the ferromagnetic–paramagnetic transition and can make
a considerable contribution to the strong magnetostriction, which is observed in the optimally
doped manganites [24], and to the anomalies of the volume thermal expansion in Ca-doped
compounds at the metal–insulator transition [25] that have been revealed by x-ray and neutron
power diffraction studies.

4. Conclusion

The spin–phonon interaction expressed by the ring exchange between localized spins causes
sign reversal of the magnitoresistance from negative to positive below the Curie temperature.
The spin–spin correlations between the transverse localized spin components lead to an
increase in the resistivity and magnetoresistivity effects. Temperature resistivity maxima
and magnetoresistivity in the magnetic long range order at T < Tc cause a shift in the
chemical potential located in the fully polarized subband to the partially spin polarized subband
at heating or cooling. With decreasing temperature, the bulk modulus changes sign from
negative to positive near the Curie temperature and becomes small at low temperatures and
low concentrations (n 
 0.2). In doped manganites, spin polarons make their contribution to
the anomalies in the magnetostriction and in the volume thermal expansion in the vicinity of
the Curie temperature.
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